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Abstract. A universal irreversible combined refrigeration cycle model, which is of general
significance for both physics and engineering, is established and used to investigate the
optimal performance of an-stage combined refrigeration system affected by the
irreversibility of heat transfer across finite-temperature differences, the heat leak loss between
the external heat reservoirs, and the internal dissipation of the working fluid. The coefficient
of performance is taken as an objective function for optimization. Some reasonable
equivalent parameters are introduced so that the related calculations are simplified. A
fundamental optimum relation is derived. The general performance characteristic curves of
the system are obtained. The maximum coefficient of performance and the corresponding
parameters are calculated. The optimal combined conditions between two adjacent cycles in
the system, i.e. the optimal distribution of the heat-transfer areas of the heat exchangers in the
system and the optimal ratios of the temperatures of the working fluids in the heat-transfer
processes, are given. Several special cases are discussed, so that the main conclusions in the
relative literature are included in this paper. The results obtained here are quite general and
useful. Consequently, the optimal performance of an arbitrary-stage irreversible,
endoreversible, or reversible combined refrigeration system can be directly derived for
specific choices of some performance parameters.
1. Introduction
Ordinary single-stage refrigeration systems are relatively
simple, inexpensive, and reliable, and require little
maintenance. They are adequate for most refrigeration
applications and used widely. However, for some special
cases the single-stage refrigeration cycles are inadequate and
multi-stage combined refrigeration systems are needed [1–6].
For example, when the span of the temperatures between
the cooled space and the heat sink is large, a single-stage
refrigeration system is not practical, because it operates,
in general, over a certain temperature range which may
only be a fraction of the total temperature range. With the
development of low-temperature technology, two- or three-
stage combined refrigeration systems have appeared in the
practical refrigeration applications [3–6]. In the present
paper we will investigate the performance of a combined
refrigeration system with a large number of stages so as to
make the results more general.
According to the theory of classical thermodynamics,
the performance of a multi-stage combined refrigeration
cycle is identical with that of a single-stage refrigeration
cycle operating in the same temperature range. In the last
ten years, some authors have investigated the influence of
finite-rate heat transfer on the performance of single-stage
and multi-stage refrigeration systems [7–14]. The results
obtained show clearly that when the irreversible losses in
the refrigeration systems are considered, the performances
of single-stage and multi-stage refrigeration systems are, in
general, different. For real refrigeration systems, there exist a
lot of irreversibilities. Besides the irreversibility of finite-rate
heat transfer, there are also other sources of irreversibility,
such as friction, turbulence, heat leak, and so on. Thus, it
is necessary to develop further some new cycle models for
refrigerators which can capture the major irreversibilities in
real refrigeration systems and investigate systematically the
influence of the irreversibilities on the performance of multi-
stage combined refrigeration cycles.
2. A general combined cycle model
When the multi-irreversibilities often existing in real
refrigeration systems, such as the irreversibility of finite-
rate heat transfer, the heat leak loss between the external
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An n-stage combined refrigeration system
Figure 1. The schematic diagram of ann-stage irreversible
combined refrigeration system.
heat reservoirs, and the internal dissipation of the working
fluid, are taken into account, the schematic diagram of an
n-stage combined refrigeration system operating between
the heat sink at temperatureTh and the cooled space at
temperatureTc may be drawn, as in figure 1. Each cycle in
the system is combined through the heat exchangers between
two adjacent cycles. Since there is no mixing taking place in
the heat exchangers, the working fluid with more desirable
characteristics in different temperature ranges can be used in
each cycle. Such combined systems may not only provide
large temperature ranges, but also improve the performance
of refrigeration systems. The heat exchangers may be
assumed to be well insulated, such that the amount of heatqi
released from the working fluid of theith cycle per unit time
is absorbed totally by the working fluid of the (i−1)th cycle.
The working fluids in respective cycles flow continuously
such that the combined refrigeration system operates with
a steady state. In figure 1,qi and qi+1 (i = 1, 2, . . . , n)
are, respectively, the rates of heat transfer from and into the
working fluid of theith cycle in the combined refrigeration
system,qL is the rate of heat leak [15, 16] from the heat sink at
temperatureTh to the cooled space at temperatureTc, T2i and
T2i+1 (i = 1, 2, . . . , n) are, respectively, the temperatures of
the working fluid in the high- and low-temperature isothermal
processes of theith cycle,T1 = Th, T2n+2 = Tc, andP is
the total power input required by the combined refrigeration
system.
Owing to the effect of the heat leak, the net amounts of
heatqh andqc transferred to the heat sink and from the cooled
space per unit time are
qh = q1− qL (1)
and
qc = qn+1− qL (2)
respectively.
The performance of an irreversible cycle is directly
dependent on the heat-transfer law. It is often assumed that
heat transfer obeys a linear law [17, 18], so that heat-transfer
equations may be written as
qi = UiAi(T2i − T2i−1) (i = 1, 2, . . . , n + 1) (3)
and
qL = kL(Th − Tc) (4)
wherekL is the heat leak coefficient between the heat sink
and the cooled space, andUi andAi (i = 1, 2, . . . , n+1) are,
respectively, the overall heat-transfer coefficient and area of
the ith heat exchanger. The total heat-transfer area of the





Due to the effect of the internal dissipation of the working
fluid, each cycle in the combined refrigeration system is
irreversible and is assumed to consist of two irreversible
isothermal and two irreversible adiabatic processes. Thus,
one may introduce a parameter [19, 20]
Ii = qi/T2i
qi+1/T2i+1
> 1 (i = 1, 2, . . . , n) (6)
to describe the irreversibility due to the internal dissipation
of the working fluid in theith cycle. The total irreversibility
due to the internal dissipation of the working fluids of the





It is clearly seen from equation (6) that whenIi = 1, the
ith cycle is endoreversible; whenIi > 1, the ith cycle is
irreversible.
Although the model mentioned above is still an idealized
cycle model, it is more general than those adopted in
the literature. It includes not only the irreversibility of
finite-rate heat transfer across finite-temperature differences
but also the internal dissipation of the working fluid and
the heat leak loss between the external heat reservoirs.
It is important that the optimal performance concerning
an arbitrary-stage irreversible, endoreversible, or reversible
combined refrigeration system may be directly derived from
the cycle model.
3. Three important performance parameters
It is well known that the coefficient of performance, specific
cooling rate or cooling rate, and power input are three
important performance parameters of refrigeration systems.
In order to understand the performance of a refrigeration
cycle, it is necessary to calculate the three performance
parameters and derive the relations between them. Using the
above equations, we obtain the coefficient of performance,
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specific cooling rate, and total power input of ann-stage
irreversible combined refrigeration system as
ε = qc






























































whereb = qL/A, xi = T2i/T2i−1 (i = 1, 2, . . . , n + 1) is
the ratio of the temperatures of the working fluids in the heat
exchange processes,In+1 = 1 is stipulated, andq1 may be
expressed by















+ · · · + 1
Un+1Ix1x2 . . . xn(xn+1− 1)
]
. (11)




(i = 1, 2, . . . , n + 1)
T ∗2i−1 = T2i−1
n+1∏
j=1
Ij (i = 1, 2, . . . , n + 1)
T ∗2i = T2i
n+1∏
j=1
Ij (i = 1, 2, . . . , n + 1). (12)
Then, equations (3), (8) and (11) may be rewritten as
qi = U ∗i Ai(T ∗2i − T ∗2i−1) (i = 1, 2, . . . , n + 1) (13)
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Eliminatingxn+1 in equations (14) and (15) gives


















U ∗1 (x1− 1)
− 1
U ∗2x1(x2 − 1)
− 1
U ∗3x1x2(x3− 1)
− · · · − 1
U ∗n x1x2 . . . xn−1(xn − 1)
. (17)
Starting from equation (16), we can discuss the optimal per-
formance of ann-stage irreversible combined refrigeration
system.
4. General performance characteristics
For a give total heat-transfer areaA and a given rate of heat





= 0 (i = 1, 2, . . . , n) (18)
we find that the coefficient of performance is given by (a
detailed derivation is given in the appendix)

















is the equivalent overall heat-transfer coefficient of the
combined refrigeration system. Comparing equation (19)








Using equations (9) and (21) and eliminatingq1 in
equation (19), we obtain
ε = (1− C − r
∗)r∗
(C + r∗)(C + r∗ + T ∗h /Tc − 1)
(22)
where C = qL/(U ∗ATc) and r∗ = r/(U ∗Tc) is the
dimensionless specific cooling rate. Equation (22) is a
fundamental optimum relation of an-stage irreversible
combined refrigeration system. It may be used to derive
other optimal relations of an-stage combined refrigeration
system. For example, using equations (22) and (8)–(10), we
obtain the optimal relation between the power input and the
specific cooling rate as
P = U
∗ATc(C + r∗)(C + r∗ + T ∗h /Tc − 1)
1− C − r∗ . (23)
From equations (22) and (23), we can easily plot the
ε–r∗, P ∗–r∗, andε–P ∗ characteristic curves of an-stage
combined refrigeration system, as shown in figures 2, 3,
and 4, respectively. In figures 3 and 4,P ∗ = P/(U ∗ATc) is
the dimensionless specific power input.
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Figure 2. The coefficient of performance versus the
dimensionless specific cooling rate. Curves a(I = 1,C = 0),
b (I = 1.1,C = 0), c (I = 1,C = 0.1), and d(I = 1.1,C = 0.1)
are presented forTh/Tc = 2.
Figure 3. The dimensionless specific power input versus the
dimensionless specific cooling rate. The values ofI , C, andTh/Tc
are the same as those used in figure 2.
5. Maximum coefficient of performance
It is clearly seen from curve d in figure 2 that when the
three irreversibilities mentioned above are taken into account,
the coefficient of performance of an-stage combined
refrigeration system is not a monotonic function of the
specific cooling rate. There exists a maximum for the





we can prove that when









h + (1− Tc/T ∗h )/C
≡ r∗m (25)
the coefficient of performance attains its maximum, i.e.








h + (1− Tc/T ∗h )/C]2
. (26)
In such a case, the power input of the system is
P = U




h /Tc − 1)
1− C − r∗m
≡ Pm. (27)
Figure 4. The coefficient of performance versus the
dimensionless specific power input. The values ofI , C, andTh/Tc
are the same as those used in figure 2.
Figure 5. The dimensionless specific cooling rate at the maximum
coefficient of performance versus the parameterC. The solid
(I = 1.1) and dashed(I = 1) curves are presented forTh/Tc = 2.
Figure 6. The maximum coefficient of performance versus the
parameterC. The values ofI andTh/Tc are the same as those
used in figure 5.
It may be seen from equations (25) and (26) thatr∗m is
not a monotonic function ofC, whileεmax is a monotonically
decreasing function ofC, as shown in figures 5 and 6.
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It is also seen from curve d in figure 2 that when
ε < εmax , there are two differentr∗ for a given coefficient
of performanceε, where one is larger thanr∗m and the
other is smaller thanr∗m. When r
∗ < r∗m, the coefficient
of performance decreases as the specific cooling rate
decreases. The region is not optimal for ann-stage combined
refrigeration system. Whenr∗ > r∗m, the coefficient of
performance increases as the specific cooling rate decreases
and vice versa. One always wants to obtain the largest
possible specific cooling rate for a specific coefficient of
performance. Thus, the optimal region should be
r∗ > r∗m. (28)
This shows thatεmax andr∗m are two important performance
parameters ofn-stage combined refrigeration systems. They
determine the upper bound of the coefficient of performance
with non-zero specific cooling rate and the allowable value
of the lower bound of the specific cooling rate, respectively.
According to equation (28), the power input should be
P > Pm. (29)
6. Optimal combined conditions
When ann-stage combined refrigeration system operates in
the optimum working states, the parameters in the system
must satisfy certain conditions.
Using equations (A5), (6), and (13), we obtain a concise
relation for the optimal distribution of the heat-transfer areas
as √
U ∗i Ai =
√
U ∗i+1Ai+1 (i = 1, 2, . . . , n). (30)
Solving equations (30) and (5) gives the optimal relations
between the heat-transfer areaAi of the ith heat exchanger







(i = 1, 2, . . . , n + 1). (31)
Equations (30) and (31) show clearly that the optimal
distribution of the heat-transfer areas is, in general, dependent
on the overall heat-transfer coefficients of heat exchangers
and the internal irreversibility of the working fluid, but
is independent of the temperatures of the external heat
reservoirs and the heat leak loss between the external heat
reservoirs. They may provide a practical design rule for
the optimum distribution of the heat-transfer areas of heat
exchangers of real combined refrigeration systems.
Our other task now is to determine the optimal ratios
of the temperatures of the working fluids in the isothermal
processes. From equations (A7), (A8), (9), (14), (16), and
(21), we obtain
x1x2 . . . xi = 1 + C + r
∗








(i = 1, 2, . . . , n) (32)
and
xn+1=1 + 1
U ∗n+1x1x2 . . . xn
C + r∗









When the combined system operates in the state of the
maximum coefficient of performance, the optimal ratios of
the temperatures of the working fluids in the isothermal
processes are determined by equations (32), (33), and (25).
7. Several special cases
(i) WhenIi = 1 (i = 1, 2, . . . , n), no internal dissipation of
the working fluid exists and the cycle is endoreversible. In
such a case,




)2 = U. (34)
Theε–r∗, P ∗–r∗, andε–P ∗ characteristic curves are shown
by curve c in figures 2–4.
(ii) WhenUi ∞ (i = 2, . . . , n), the irreversibility of
heat transfer between two adjacent cycles in the combined
system is negligible. The equivalent overall heat-transfer
coefficient of the combined system may be simplified as







which is identical to that of a single-stage irreversible
refrigeration cycle having the same irreversibility factorI , so
that equation (22)–(23) may be used to discuss the optimal
performance of a single-stage irreversible refrigeration
system [21].
(iii) When kL = 0, equation (22) may be written as
ε = 1− r
∗
r∗ + T ∗h /Tc − 1
(36)
which shows that the coefficient of performance is a
monotonically decreasing function of the dimensionless
specific cooling rate. Theε–r∗, P ∗–r∗, and ε–P ∗
characteristic curves are shown by curve b in figures 2–4.
(iv) WhenkL = 0 andIi = 1 (i = 1, 2, . . . , n),U∗ = U
and the relation betweenε andr∗ is given by
ε = 1− r
∗
r∗ + Th/Tc − 1. (37)
Theε–r∗, P ∗–r∗, andε–P ∗ characteristic curves are shown
by curve a in figures 2–4. Equation (37) has been used to
discuss the optimal performance of ann-stage endoreversible
combined refrigeration system [22].
(v) WhenUi ∞ (i = 1, 2, . . . , n + 1),U ∞ and
the irreversibility of heat transfer in the system is negligible.




T ∗h − Tc
(38)
which gives the relation between the coefficient of
performance ε and the cooling rateqc. The ε–qc
characteristic curves are shown in figure 7.
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Figure 7. The coefficient of performance versus the cooling rate.
Curves a, b, c, and d correspond to the cases ofI = 1 andC = 0,
I > 1 andC = 0, I = 1 andC > 0, andI > 1 andC > 0,
respectively.
When there does not exist any irreversibility, the whole
cycle system is reversible and the coefficient of performance
εc = Tc
Th − Tc (39)
depends only on the temperatures of the cooled space and the
heat sink, and it is independent of the cooling rate, as shown
by curve a in figure 7. The cooling rate
qc = Pεc (40)
may be an arbitrary value, which is determined by the power
input.
When only the internal dissipation of the working fluid
exists, which is expressed by a irreversibility factorI , the
coefficient of performance
εc,I = Tc
ITh − Tc (41)
is also independent of the cooling rate, as shown by curve b
in figure 7.
When the heat leak loss between the external heat
reservoirs is taken into account, the coefficient of
performance is a monotonically increasing function of the
cooling rate, as shown by curves c and d in figure 7.
8. Conclusions
We have demonstrated how a universal cycle model of
an n-stage combined refrigeration system affected by the
irreversibility of finite-rate heat transfer, the heat leak
loss between the external heat reservoirs, and the internal
dissipation of the working fluid is established. The model
can capture the principal irreversibility sources of some real
refrigeration systems and the analytic results can be derived
from the model. It is important that the results obtained in this
paper can reveal some common characteristics of combined
refrigeration systems and be suitable for an arbitrary-
stage irreversible, endoreversible, or reversible combined
refrigeration system. It is more important that the universal
cycle model established in this paper and the results derived
from the model are of general significance for both physics
and engineering and may promote the further investigation
into the performance of irreversible refrigeration cycles.
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Appendix
From equations (16) and (18), we obtain
U ∗n+1D
2x2x3 . . . xn −
[
1






+ · · · + 1
U ∗n x
2




2x1x3 . . . xn −
[
1






+ · · · + 1
U ∗n x1x
2









U ∗i x1x2 . . . xi−1(xi − 1)2
+ · · · + 1
U ∗n x1x2 . . . xi−1x
2






2x1x2 . . . xn−1− 1
U ∗n x1x2 . . . xn−1(xn − 1)2
= 0.
(A4)
Solving equations (A1)–(A4), we have√
U ∗i (x1− 1) =
√
U ∗2x1(x2 − 1) =
√
U ∗3x1x2(x3− 1)
= · · · =
√
U ∗i x1x2 . . . xi−1(xi − 1)
= · · · = √U ∗n x1x2 . . . xn−1(xn − 1) = 1√
U ∗n+1D
. (A5)












Solving equations (A5) and (A6) yields
n∏
i=1
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